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By using a variant of quantum inverse scattering method (QISM) which is directly 
applicable to field theoretical systems, we derive all possible commutation relations among 
the operator valued elements of the monodromy matrix associated with an integrable 
derivative nonlinear Schrodinger (DNLS) model. From these commutation relations we 
obtain the exact Bethe eigenstates for the quantum conserved quantities of DNLS model. 
We also explicitly construct the first few quantum conserved quantities including the 
Hamiltonian in terms of the basic field operators of this model. It turns out that this 
quantum Hamiltonian has a new kind of coupling constant which is quite different from 
the classical one. This fact allows us to apply QISM to generate the spectrum of quantum 
DNLS Hamiltonian for the full range of its coupling constant. 
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1 Introduction 

Derivative nonlinear Schrodinger (DNLS) model in 1 + 1-dimension is a well- 
known integrable system which has found apphcations in different areas of physics 
like circularly polarized nonlinear Alfven waves in a plasma [1], quantum properties 
of solitons in optical fibres [2] and some chiral Luttinger liquids [3]. The equation 
of motion for the Chen-Lee-Liu type classical DNLS model is given by 

idti^ix, t) + i) - 4j C V'* {x,t)^{x, t)d^i^{x, t) - , (1) 

where dt = dx = -§^, dxx = and ^ is a real parameter representing the 
strength of the nonlinear interaction term. The Hamiltonian 

/ + 00 
-oo 

and an equal time Poisson bracket structure given by {"(/"(a;), ''Piy)} = {'4'*ix), 
= 0, {^p{x),'ilj*{y)} = —iS{x—y) , generate eqn.lQ) as a canonical evolution. By using 
the Lax operator associated with this DNLS model, one can explicitly construct 
its conserved quantities in a recursive way [4]. It can be shown that such infinite 
number of conserved quantities yield vanishing Poisson bracket relations among 
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themselves. This fact estabhshes the classical integrability of DNLS model in 
the Liouville sense. 

In this review article, our aim is to study the spectrum for the quantum ver- 
sion of the above mentioned DNLS model [5] and discuss the nature of the related 
conserved quantities [6]. In Sec. 2, we construct the Bethe eigenstates for these con- 
served quantities by using a variant of quantum inverse scattering method (QISM) 
[7] which is directly applicable to continuum field models. In Sec. 3, we derive the 
expressions of the first few quantum conserved quantities including the Hamiltonian 
in terms of the basic field operators of the system. Sec. 4 is the concluding section. 



2 Application of QISM to quantum DNLS model 



In the quantized version of DNLS model, the basic field operators satisfy equal 
time commutation relations given by 

h being the Planck's constant, and the vacuum state is defined through the relation: 
ip{x)\0) = 0. For applying QISM [7] to this model, it is necessary to find out at first 
an appropriate Lax operator which would satisfy quantum Yang-Baxter equation 
(QYBE) in continuum. Such a quantum Lax operator is obtained as [5] 



Vlq{x, A) = z 



fij^{x)^j{x)~X^/A 
X^{x) 



^X^Hx) 
-g^/j''{x)'ip{x)+X'^/4: 



(3) 



where / ~ , g — and a is a real parameter which is fixed through the 

relation: sin a = — Due to this relation, it is evident that QISM is applicable to 
quantum DNLS model when the parameter ^ satisfies a restriction given by |^| < j-. 

Using certain symmetry properties of the quantum Lax operator Q , the corre- 
sponding quantum monodromy matrix T(A) can be written in the form 



M(A) -est (A) A 



(4) 



Expressing QYBE satisfied by the above monodromy matrix in elementwise form, 
we obtain [5] 



AiX),A{f,) 



= 0, 



B{h)B\X) ^ r(A, ii)B^ {X)B{p) + AirhXn ^(A^ - fi'^)A''iX)A{X), (5a, 6, c, d) 



where t(A, fi) 



1 



w- 



-ie)(A^-/j^-|-ie) 



Due to eqn.(5a), it follows 



that all operator valued coefficients occurring in the expansion of In A(A) in powers 
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of A must commute among themselves. Consequently, InA(A) may be treated as 
the generator of conserved quantities for the quantum integrable DNLS model. 
By using algebraic Bethe ansatz, one can also find out the eigenfunctions and 
eigenvalues corresponding to different expansion coefficients of lnA(X). However, 
such eigenvalues would be complex quantities in general. To make the eigenvalues 
real, we define another operator A{X) through the relation: A{X) = A{Xe~^) and 
expand InA(A) as 

oo . ^ 

With the help of eqns.(5c) and ©, we easily find that 

Co|Mi.M2,---,AtAr) = aiV|/ii,^2,---,MAf): 

C„|/^i,/i2,---,MAf) = -sin(Q;n)| ^^^"1 //2, • • • , Mat) , (7) 

where n > 1 and /X2, • ■ • , /zat) = B'' {^i)B'^ {^12) ■ ■ ■ B'' {^n)\0) represent the 
Bethe eigenstates for all CnS. For the case of scattering states, HjS are chosen as 
all distinct real or pure imaginary numbers. We can also construct the quantum 
soliton states or bound states for DNLS model by choosing complex values of fij 
in an appropriate way [4,5]. For the case of both scattering and solitonic bound 
states, eqn.lUI) yields real eigenvalues for all C„s. 

Thus, by applying algebraic Bethe ansatz, we obtain the spectra of all C„s 
which are formally defined through the expansion @. Next, we turn our atten- 
tion to the explicit construction of these quantum conserved quantities in terms of 
basic field operators like tp{x) and ip^x). In analogy with the cases of nonlinear 
Schrodinger (NLS) model and sine-Gordon model, one may think that the Hamil- 
tonian of quantum DNLS model can also be obtained as the normal ordered version 
of the corresponding classical Hamiltonian However, since QYBE restricts the 
value of ^ as: 1^1 < ^, such a quantum Hamiltonian would be solvable by QISM 
only within this limited range of coupling constant. So at this point, our target is 
to find out explicit expressions for the first few quantum conserved quantities of 
DNLS model and investigate whether the above mentioned limitation about the 
applicability of QISM can be resolved in some way. 

3 Quantum conserved quantities of DNLS model 

For obtaining the quantum conserved quantities of DNLS model in terms of 
the basic field operators ip{x) and here we wish to follow the approach of 

Ref.8 where first few conserved quantities of the quantum NLS model has been 
constructed explicitly by using the so called 'fundamental relation'. To this end, we 
consider Jost solutions associated with the quantum Lax operator It can be 
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shown that the components of the Jost solution p{x,\) = ( P^^"""'^}^ \ ^ associated 



P2ix,\) 

with boundary conditions at a; ^ — oo, follow the differential equations given by [6] 

dxPi{x,X) = — —pi{x,X)+ifi})^{x)pi{x,\)ilj{x)+i£,\i!\x)p2{x,X), 

dxP2{x,\) = —p2{x,\) ~ igil}\x)p2{x,\)ii{x) +iXpi{x,X)il){x) . (8) 
There exist two independent p{x, A) satisfying the above relations with boundary 



conditions like 



Pi(x,A)\ x^co (e-^^ /pi(a;,A)\ .^oo ( 

P2(x,A)j I r'\p2{x,\) W>-'-/^ 



On the other hand, the components of Jost solution t{x,\) = ( ^^/^'^n 1 asso- 



T2{X, A) _ 

ciated with the boundary conditions at a; +oo follow the differential equations 
given by 

dxTi{x,X) = — —Ti{x,X)+igtl)'^{x)Tiix,X)xp{x)+i^Xtlj'^{x)T2{x,X), 
iX^ 

dxT2{x,X) = —T2{x,X) ~ if ij''{x)T2{x,X)tl;{x) +iXTi{x,X)^lj{x) . (9) 

Again, there exist two independent t(x, A) satisfying the above relations and obey- 
ing boundary conditions hke I ^^^^ ( -xP/. I or I ^l^'"^!) "^^ij?" 

\t2{x,X) J \^e'^^/'*y \t2{x,X) J 

^ I . It may be noted that the sets of equations ^ and ^ , satisfied by 

the quantum Jost solutions defined through boundary conditions at a; ^ +oo and 
a; ^ — oo respectively, are not identical in form. This happens due to the fact that, 
unlike the cases of most other integrable systems, the quantum Lax operator Q of 
DNLS model is not a traceless matrix [6] . 

Next, let us define the quantum Wronskian associated with the Jost solutions 
t{x, X) and p(x, A) as 

Ap,^(a;, A) = T2(x, A)/9i(x, A) ~ ti(x , X) p2{x , X) . (10) 

All elements of the quantum monodromy matrix T(A) can be expressed through 
this quantum Wronskian by taking different choices of p{x, A) and t{x, X) [6]. Thus 
the quantum Wronskian 1)10(1 does not really depend on the value of the coordinate 
X. In analogy with the quantum Wronskian, we define another operator associated 
with the Jost solutions of DNLS model as 

rp^T-(x,A) = T2(x,A)pi(a;,A) +Ti(a;,A)p2(a;, A). (11) 

Next, we propose that, the quantum conserved quantities (/„) of DNLS model 
would annihilate the vacuum state and obey the 'fundamental relation' of the form 

/„, Ap,.(A)J = ^ I rp,.(+oo, A) - rp,.(-oo. A) I , (12) 
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where n is any nonnegative integer. Let us now explore some consequences of this 
fundamental relation. Using the fundamental relation l|12(l for different choices of 
p{x, A) and t(x, A), we obtain the commutation relations given by [6] 

/n,^(A)J-0, [/„,Bt(A)] =^Bt(A). (13a,&) 

By using the commutation relation (13b), it is easy to show that /„s satisfy eigen- 
value equations like 

where |/j,i,/j,2, • • • , I^n) = -B^(/^i)S^(/i2) • • • i3^(/iAr)|0). Consequently, the commuta- 
tion relation (13b) may be treated as the spectrum generating algebra for the quan- 
tum conserved quantities of DNLS model. Now we assume that the Bethe states 
l/Lti, /j,2, • ■ ■ , Mw) represent a complete set of states in the corresponding Hilbert 
space. Thus two operators would coincide if they can be simultaneously diago- 
nalised through these complete set of states and their eigenvalues always match 
with each other. Comparing f(T^ with Q, it is easy to find that 

a 2"+-^ 
Co = ^ /o , C„ = — — sin(an) /„ . (15) 
n nn 

Thus the fundamental relation (|12|l not only yields the spectra of all /„s, but also 
connect them with the conserved quantities which appear in the framework of QISM 
as expansion coefficients of lnA{X). 

Next, we use the fundamental relation p2|l to explicitly construct the first few 
quantum conserved quantities of DNLS model. Commutation relations between 
the Jost solutions and basic field operators play a crucial role in this construction. 
It is found that the first three quantum conserved quantities (number operator, 
momentum operator and the Hamiltonian) are given by [6] 

r + oo p+co 

Io=N^I i;\x)ip{x)dx , h=P = -i\ il}\x)d^'ip{x) dx , 

h=H = 
where 



^-ij\x)dxx-^{x) +iS,q^'^'^{x)dxi''^{x)^ dx , (16a, 5, c) 



,-1^ . (17) 



It is worth noting that, due to the modification of coupling constant, the quantum 
Hamiltonian (16c) can not be expressed as normal ordered version of the corre- 
sponding classical Hamiltonian ||2Jl. Interestingly, the relation (|17|l between ^ and 
is rather similar to the relation between rest mass and dynamical mass of a rela- 
tivistic particle. Just as the dynamical mass of a relativistic particle coincides with 
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its rest mass in the nonrelativistic limit, coincides with ^ at ?i — > hmit. In the 
ultrarelativistic hmit, the dynamical mass of a particle tends towards infinity. In a 
similar way, can take arbitrary large value at ^ limit. Consequently, even 

though QYBE restricts the value of ^ as |^| < ^, there exists no such restriction on 
the value of corresponding quantum coupling constant H17|) . Thus the apparent 
limitation about the applicability of QISM in solving quantum DNLS Hamiltonian 
for the full range of its coupling constant is resolved in a very nice way. 

4 Conclusion 

By applying a variant of quantum inverse scattering method, we derive all possi- 
ble commutation relations among the elements of the quantum monodromy matrix 
associated with DNLS model. These commutation relations enable us to construct 
the exact eigenstates for all conserved quantities of quantum DNLS model through 
algebraic Bethe ansatz. Next, we propose the fundamental relation for DNLS model. 
Using this fundamental relation, we are able to explicitly construct the quantum 
Hamiltonian and few other conserved quantities through basic field operators of 
this system. Surprisingly we find that, a new kind of coupling constant (^q), quite 
different from the classical one (^), appears in the quantum Hamiltonian (16c) of 
the DNLS model. As a result, unlike the cases of most other integrable systems, 
this quantum Hamiltonian (16c) can not be obtained as normal ordered version of 
the corresponding classical Hamiltonian ^ . Due to the presence of modified cou- 
pling constant in the quantum Hamiltonian, we are also able to consistently match 
various results of algebraic and coordinate Bethe ansatz in the case of DNLS model 
[6] . The S'-matrix for two particle scattering and the distribution of single-particle 
momentum for quantum iV-soliton states are two such examples where the results 
of algebraic and coordinate Bethe ansatz match with each other. 
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